It is shown that a Mueller quaternion can be formulated as a quaternion with matrix coefficients, and this Mueller quaternion transforms the Stokes quaternion for depolarizing process as well as for nondepolarizing process. Mueller quaternion keeps track of the phase acquired by the Stokes quaternion and, in general, quaternion states of optical media comprises all properties of Jones, Mueller-Jones and Mueller matrices.
Introduction
In previous works [1] , [2] there were two different representations of Mueller-Jones states: the covariance vector |h and the Z matrix.
The dimensionless components of |h can be parametrized as τ , α, β, γ:
where α, β and γ are generally complex numbers, while τ can always be chosen as real and positive if the global phase is not taken into account.
On the other hand, in the above mentioned works there was another object, Z, that also serves as a Mueller-Jones state in matrix form:
By direct matrix multiplication it was shown that the Mueller matrix of nondepolarizing optical media can be written as:
Explicit form of the Mueller matrix in terms of the parameters τ, α, β and γ can be found in [1] . Z matrices, being 4×4 analogues of the Jones matrices, are suitable to obtain the product state of the combined system associated with a serial combination of optical media:
But, similar algebra is not possible with |h vectors. Therefore, |h vectors and Z matrices appear as different entities in their present vector and matrix forms.
In a recent work [3] it was shown that Z matrices and |h vectors are actually two different representations of the same quantity which is isomorphic to the h quaternion by observing that the Z matrix can be written as a linear combination of four basis matrices:
where
with the following properties:
Obviously, 1, I, J, K basis are isomorphic to basis quaternions, 1, i, j, and k, defined by Hamilton [5] :
Therefore, the Z matrix is isomorphic to the h quaternion:
which is directly related to the covariance vector |h . It was also shown that the Jones matrix is also isomorphic to the quaternion h by writing the Jones matrix in terms of Pauli matrices [3] :
which can be written as
The 2×2 matrices σ 0 , −iσ 1 , −iσ 2 and −iσ 3 are, respectively, isomorphic to the quaternion basis, 1, i, j and k. Therefore, the Jones matrix can be written as a Jones quaternion:
In short, the vector state |h , the matrix state Z and the Jones matrix J are isomorphic to the same quaternion state, h.
It was also shown that a Stokes quaternion can be rotated by h [3] , [7] :
where h † is the the Hermitian conjugate of the h quaternion:
s is the Stokes quaternion that corresponds to the Stokes vector |s = (s 0 , s 1 , s 2 , s 3 ) T :
and s is the transformed (rotated) Stokes quaternion which corresponds to the transformed Stokes vector |s :
where M is a nondepolarizing Mueller matrix. In order to incorporate the depolarization effects into the formalism the following procedure was followed [3] :
Any linear combination of quaternions is also a quaternion, and a coherent linear combination of quaternion states can be written as,
where the coefficients a, b, c, . . . are, in general, complex numbers. If the process is coherent then the Stokes quaternion is subjected to a rotation by the quaternion state h associated with the combined system as given by Eq. (13). If the process is incoherent we have to consider depolarization effects. In this case, the covariance matrix H associated with a depolarizing Mueller matrix will be of rank > 1, and depolarizing Mueller matrix can be written as a convex sum of at most four nondepolarizing Mueller matrices [4] , [6] :
where M 1 , M 2 , M 3 and M 4 are nondepolarizing Mueller matrices; w 1 , w 2 , w 3 , and w 4 are real and positive numbers with the condition,
Decomposition of a depolarizing Mueller matrix into its nondepolarizing components is not unique. In the spectral (Cloude) decomposition [8] , weights w i are the eigenvalues of the covariance matrix, H, and the component matrices M i are the nondepolarizing Mueller matrices corresponding to the associated eigenvectors of H.
For an incoherent combination, from the linearity of the convex summation, we can immediately write a transformation formula for the Stokes quaternion:
The same depolarization scheme given in [2] applies to this quaternion formulation as well. But, in the following it will be shown that there exists a Mueller quaternion with matrix coefficients which can transform the Stokes quaternion for depolarizing and nondepolarizing processes.
Muller quaternion: A quaternion with matrix coefficients and transformation of the Stokes quaternion for depolarizing and nondepolarizing processes
Let M be the Mueller-Jones state of a nondepolarizing optical media. This state can be represented by a covariance vector |h , by a matrix state Z, by a Jones matrix J or by a quaternion h. But, how can it be possible to formulate the Mueller matrix of a depolarizing medium in terms of quaternions? It is possible to start with ZZ * = M and show that a nondepolarizing Mueller matrix can be written as follows:
where,
Actually, any 4 × 4 matrix can be written as in Eq.(21) with the basis matrices 1, I, J and K; but, Eq.(21) is still a matrix equation. In order to capture the Mueller quaternion, m, it is enough to shift to the quaternion basis, 1, i, j and k:
where the hat symbol indicates that the Mueller quaternion is a quaternion with matrix coefficients.
It is worth to note that the Mueller quaternionm is based on the elements of the Mueller matrix and it is capable of representing both nondepolarizing and depolarizing processes.
Transformation of the Stokes quaternion by means of the Mueller quaternion comes into play as a quaternion product of two quaternions:
whereŝ is the transformed Stokes quaternion with matrix coefficients andm is the Mueller quaternion that can be a quaternion state corresponding to a nondepolarizing or a depolarizing optical medium.
In an explicit form ofŝ takes the form:
Note that s is a quaternion with scalar coefficients, butŝ is a quaternion with matrix coefficients, hence,ŝ contains more information from the Stokes quaternion, s. In particular, s contains the phase acquired by the light while passing through the medium. This is because, in contrast to the Mueller matrix, M, the Mueller quaternion,m, can keep track of the phase.
It is also possible to recover the vector form of the transformed Stokes vector |s of Eq.(16) by simply taking the quaternion scalar product ofŝ with the vector quaternion u:
where u is a quaternion with standard basis vector coefficients:
It can also be shown that, in case of a nondepolarizing process, the h quaternion can be easily obtained from the Mueller quaternion. 
